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Abstract: This paper presents the kinematic model and a strategy of trajectory generation for a spatial humanoid robots

(HRs) using the concept of floating base through the screw theory and its tools: Assur’s virtual chains and Davies’s

method. The resulting mechanism is a complex spatial parallel mechanism with four loops. Associating Davies’s method,

the differential kinematics of the spatial HR was modeled and the Jacobian matrix was obtained. Thus, the velocities

of the “real” joints were obtained by using the inverse of that Jacobian and their position were obtained by means of

numerical methods. The kinematic model and the trajectory generation were developed including the ZMP as a gait

stability criterion. The used modeling approach allowed to obtain a single kinematic representation of a biped robot

motion which is independent from any fixed reference frame, and also independent of the degree of freedom of robotic

mechanisms. The modeling approach was applied to a specific HR (Bioloid, from Robotis) and the trajectory generation

was developed using the geometric constraints method by the Assur’s virtual chains. The related results are presented

graphically from computer simulations.
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1. INTRODUCTION

Humanoids robots (HR’s) are a great deal because this kind of robot can manipulate objets and also because the biped

motion is one of a few that can access almost every kind of terrains (Westervelt et al., 2007). Thus, it is of great importance

the continuing studies about the modeling and the trajectory generation for biped and HR’s.

About the kinematic modeling, there are two methods commonly used to model the kinematics of robots: the first

based on the Denavit-Hartenberg (DH) convention (Denavit, 1955) and another based on screw theory (ST) (Hunt, 2000;

Davidson and Hunt, 2004). While the DH method is largely used in literature (Rocha et al., 2011), the ST approach is less

known.

Rocha et al. (2011) pointed out some advantages of the ST over DH convention. The flexibility of reference choices

in the successive screw displacements method is a remarkable feature, since it is not complex the process of identification

of the parameters and it can be used to obtain simplified equations. Screw-based modeling presents its main advantages

in differential kinematics models in which the respective Jacobian is formed by the normalized screws of the kinematic

chain (Rocha et al., 2011).

The inverse differential kinematics can be solved by inverting the Jacobian or by using the Davies’s method and virtual

chains to define the end-effector’s movement (Campos et al., 2005). Besides the advantages of the ST for robot kinematic

modeling, the majority of works in the fields of humanoid robotics still uses DH parameters.

Gal et al. (2004) applied ST to analyse the human mandibular mechanics. In (Sabater et al., 2006), the ST was used

to design and to analyse a spherical humanoid neck. Zhu et al. (2009) used ST to model the kinematics of a Steward

platform and made an analogy that his approach may be a novel parallel robot for rotary humanoid wrist.

Man et al. (2007) presented a work making a kinematic analysis of an humanoid structure by the ST. Besides showing

how to use the ST to solve the direct and inverse kinematics of an HR and indicating the use of the screw-based Jacobian

to solve its differential kinematics, there is a lack of clarity that would clarify the comprehension of the use of the ST in

HB’s.

In Sánchez et al. (2011), the ST was used to solve the inverse kinematic of the AH1N1 HR. Despite of solve the

inverse kinematic using ST, the authors solved the direct kinematic by the DH convention and nothing was said about the

differential kinematic of the humanoid.

About trajectory generation to humanoid and biped robots, basically, there are some manners (used in the literature)

to generate humanoid trajectories: by the 3D inverted pendulum approach (3D-LIP) (Kajita et al., 2001); by capturing in

video the human motion (Hoonsuwan et al., 2009) and adapting it to be executed by the robot; by the geometric constraint
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method (Huang et al., 2001; Wang et al., 2009); by kinematic motion primitives (KMPs) (Moro et al., 2011, 2012) which

are used for reconstruction of the center of mass motion; and a mix between the KMPs and 3D-LIP approaches (Hugel

and Jouandeau, 2012).

In works of (Mu and Wu, 2004; Wang et al., 2009; Hoonsuwan et al., 2009; Moro et al., 2011, 2012), a biped robot was

modeled using the DH parameters. Thus, they elaborated their trajectories by considering two kinematics representations

for the same mechanic structure. That is, the gait would be performed by switching between two models depending on

which foot is supporting the robot (Toscano et al., 2011); even the 3D-LIP approach needs a switching structure, because

one biped robot corresponds to two 3D-LIP’s.

However, Sentis (2007) and Mistry et al. (2008) applied the floating base (FB) concept by recognizing that a biped

robot can walk freely above a terrain in a similar way that a spacecraft is free to travel through space. By the use of the

FB concept, the biped structure can be represented by just one kinematic model detached from an inertial reference frame

and the switching between kinematic models is not necessary to perform a gait.

This work aims to present, in a systematic way, how a full body HR can be modeled using ST and its tools. Further, the

virtual chains are used to impose motion to the real chains. Hence, it was chosen the geometric constraint method (Huang

et al., 2001; Wang et al., 2009) to generate a gait because, besides being intuitive, to apply this method, it is not necessary

to use the switching models structure. Lastly, the ZMP criterion, as in (Kajita et al., 2001), is used to test whether the

generated trajectory is feasible and/or does not make the HR fall down on the ground.

This paper is organized as follows: first, the ST and its tools are briefly presented. Then, it is shown how may model

the kinematics of an HR by using virtual chains and the Davies’s method. After that, the trajectory generated is presented

and, then, the simulation results are shown.

2. SCREW-BASED KINEMATIC TOOLS

Figure 1: Vector diagram of a spatial displacement.

This paper is based on the method of successive screw displace-

ment, on the screw representation of differential kinematics, on the

Davies’s method and on the Assur’s virtual chain concept. These tools

and their application are discussed and exemplified in several papers

(Tsai, 1999; Hunt, 2000; Campos et al., 2005; Santos et al., 2006;

Guenther et al., 2008). In order to simplify the comprehension and

the development of the HB model, some of these fundamentals are

briefly presented in this section.

2.1 Successive Screw Displacements Method

Charle’s theorem states that the general spatial displacement of a

rigid body is a rotation about an axis and a translation along the same

axis. Such combination of translation and rotation is called a screw

displacement (Bottema and Roth, 1979).

In Fig. 1, it can be seen a point P of a rigid body displaced from

the first position P1 to the second position P2 by a rotation of θ, about

a screw axis, followed by a translation of t along the same axis. The

rotation brings P from P1 to Pr
2, and the translation brings P from Pr

2 to P2. On Fig. 1, s =
[
sx sy sz

]T
denotes a unit

vector along the direction of the screw axis, and s0 =
[
s0x s0y s0z

]T
denotes the position vector of a point lying on the

screw axis. These screw parameters together with the screw axis completely define the general displacement of a point

attached to a rigid body and define a general displacement of a rigid body (Tsai, 1999; Ribeiro and Martins, 2010).

Representing the first position P1 as the vector p1 =
[
p1x p1y p1z

]T
and the second p2 =

[
p2x p2y p2z

]T
, the

general screw displacement for a rigid body can be given by the Rodrigues’s formula as

p2 = R(θ)p1 +d(t) , (1)

where R(θ) is the rotation matrix corresponding to the rotation θ about the screw axis and d(t) is the displacement vector

corresponding to the translation of t along the screw axis.

Considering the augmented vectors p̂1 =
[
p1

T 1
]T

and the second P2 as p̂2 =
[
p2

T 1
]T

, the general displacement

of a rigid body - Eq. (1) - can be represented by a homogeneous transformation given by ((Tsai, 1999) for more details):

p̂2 = A(θ, t) p̂1. (2)

2.1.1 Successive Screw Displacements

The screw representation of the homogeneous transformation will be use here to express the composition of two or

more screw displacements applied successively to a rigid body.
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A kinematic chain is composed by rotational and prismatic joints numbered from 1 to n. Each joint describes the

displacement between two successive links starting from the base frame, defined as the Link 0, untill the last link of the

kinematic chain, defined as Link n. Thus, the joint i describes the relative displacement between the links i and i−1. The

position and the orientation of a point on a Link k with respect to a Link c of the same considered chain can be defined as

(Simas, 2008):

Ac
k = Āc

r

(
k

∏
i=c+1

Ar
qi

)
Ār

k, (3)

where r indicates the link in which a coordinate system is fixed; Ac
k is the homogeneous matrix that describes the position

and orientation of a point on the Link k with respect to a coordinate system attached on the Link c; Āc
r is the homogeneous

matrix defined in the initial position of the chain that describes the position and orientation of the reference coordinate

system attached on Link r with respect to the coordinate system on Link c; Ār
k is the homogeneous matrix also defined in

the initial position of the chain that describes the position and orientation of the coordinate system of a point on Link k with

respect to the reference on Link r; and Ar
qi

is the homogeneous matrix that describes the relative displacement between

the links i and i− 1 described by the screws defined with respect to the reference coordinate system attached on Link r.

2.2 Screw Representation of Differential Kinematics

The complete displacement of the rigid body by means of a rotation and a translation with respect to the same axis is

called screw movement (or twist): $. The ration of the linear and angular velocities is called pitch of the screw: h = ‖τ‖
‖ω‖ .

The twist $ is composed by a pair of vectors as $ =
[
ωT vp

T
]T

, in which ω represents the angular velocity with

respect to the inertial frame and vp represents the linear velocity of a point P attached to the body which is instantaneously

coincident with the origin O of the reference frame (Tsai, 1999). A twist may be decomposed into its magnitude and its

corresponding normalized screw (Davidson and Hunt, 2004). In this paper, the twist magnitude, denoted as q̇, is either the

magnitude of the angular velocity ‖ω‖ of the body if the joint is rotative, or its linear velocity ‖vp‖ if the joint is prismatic.

The twist $ is completely defined by the vectors s and s0, and the scalar pitch. It can be decomposed into a normalized

screw $̂ and a magnitude q̇ as

$ =

[
ω

vp

]
=

[
ω

s0 ×ω+ hω

]
=

[
s

s0 × s+ hs

]
q̇ = $̂q̇. (4)

In a kinematic chain, the relative velocity state between two link is obtained by the sum of the twists of the kinematic

pairs between them (Rocha et al., 2011). For instance, in a robot, the angular and linear velocities of its end-effector, $ef,

with respect to the base b of the robot may be expressed as:

$ef =

[
ωef

vpef

]
=

e f

∑
i=b+1

$̂iq̇i ⇒ $ef = Jq̇i, (5)

where $̂iq̇i express the velocity between the link i with respect to link i− 1. The normalized screws column vectors

compose the screw Jacobian matrix J and the column vector q̇ =
[
q̇1 . . . q̇e f

]T
is formed by the magnitudes of the

screws (Hunt, 2000).

The sum in Eq. (5) is possible if all twists are defined according to the same referential coordinate frame. However,

there are situations in which some twists are defined in differents referentials, in these cases, a screw transformation Ti
j,

as presented in Eq. (6),

Ti
j =

[
Ri

j 0

p̂i
jR

i
j Ri

j

]
, (6)

must be applied to these twists to express them in the desired referential (Tsai, 1999). This information is also useful

when the kinematic analysis must consider different reference points in the workspace. The Ti
j matrix indicates that the

transformation occurs from the referential j to the referential i, p̂i
j is the skew-symmetric matrix composed by the elements

of the position vector pi
j, and Ri

j express the orientation of the frame j with respect to the frame i.

2.3 Assur’s Virtual Chains

A kinematic chain can be used to define or to monitor the displacement of a single body, which is useful for motion

analysis of serials chains in multirobot systems (cooperative robotics). Thus, a virtual kinematic chain representing motion

in a coordinate system is adopted. The use of virtual chains for this objective was proposed in Santos et al. (2006) based

ABCM Symposium Series in Mechatronics - Vol. 6 
Copyright © 2014 by ABCM

Part I - International Congress 
Section III - Kinematics, Dynamics & Mechanisms

381



on the work of Campos et al. (2005) who further developed the concept of Assur’s virtual chains. Virtual chains can also

be linked to real chains to monitor or to impose motion to a particular link of the real chain (see Campos et al. (2005);

Santos et al. (2006) for more details).

Considering the Assur’s virtual chain 3P3R attached in a serial chain of n joints. The linear velocity of the real link

n that is instantaneously coincident with the origin of the reference frame. Thus, the resulting movement of the real link

n+ 1 with respect to link 0 is obtained adding linearly the joints normilized twists of the virtual chain given by (Tsai,

1999):

ẋ =

[
ω

vO

]
=
[
$̂px $̂py $̂pz $̂rx $̂ry $̂rz

][
q̇px q̇py q̇py q̇rx q̇ry q̇rz

]T
, (7)

in which the matrix formed by the normalized screws is the screw Jacobian matrix. As this Jacobian is an 6× 6 matrix,

then, it can be inverted to solve the inverse differential kinematics of the 3P3R virtual chain.

2.4 Davies’s Method

Davies’s method is a systematic manner to solve the differential kinematics of closed chain mechanisms. Davies

(1981) derives his method from the Kirchhoff’s circulation law for electrical circuits. The Kirchhoff-Davies law states

that "the algebraic sum of relative velocities of kinematic pairs along any closed mechanism is zero" (Davies, 1981).

Considering a closed chain composed by n joints, and that the velocity of one of its link with respect to itself is null

(Campos et al., 2005; Santos et al., 2006), then, the circulation law may be expressed as:

n

∑
i=1

$̂iq̇i = 0, (8)

in which $̂i is the normalized twist, q̇i is the magnitude of $i and 0 is a vector whose dimension is equal to the dimension

of $̂i. Equation (8) is the constraint equation and it can be generalize as:

Nq̇ = 0, (9)

where N =
[
$̂1 $̂2 . . . $̂n

]
is the network matrix containing the normalized screws whose signals depend on the screw

definition in the circulation law orientation, and q̇ =
[
q̇1 q̇2 . . . q̇n

]T
is the magnitude vector.

The Kirchhoff-Davies circulation law may be applied to mechanisms that contain n circuit. In this case, considering

that a mechanism is composed by k circuits, thus, the network matrix in Eq. (9) would have k rows of screws, each one

corresponding to a closed circuit.

Figure 2: 3D Model of an humanoid structure.

In a closed kinematic chain, ones may identify primary

and secondary joints to handle actuated and passive joints,

respectively. Using the constraint equation Eq. (9), the

secondary joint velocities can be calculated as function of

the primary joint velocities (Davies, 1981; Campos et al.,

2005; Santos et al., 2006). To this end, the same equa-

tion earlier cited is rearranged in a manner to highlight the

primary and secondary joint velocities as:

[
Ns Np

][q̇s

q̇p

]
= 0, (10)

where Np and Ns are the primary and secondary network

matrices, respectively, and q̇p and q̇s are the corresponding

primary and secondary magnitude vectors, respectively.

Thus, if the Ns network matrix is square and invertible, the secondary joint velocities may be determined as:

q̇s =−N−1
s Npq̇p. (11)

3. KINEMATIC MODELING OF AN HUMANOID ROBOT USING SCREW THEORY

In the previous section, it was briefly presented the basis of ST and its tools that will be used in the current section to

model the HR Bioloid, from Robotis.

3.1 Bioloid Humanoid Robot

Bioloid is an HR composed by one FB (see Papadopoulos and Dubowsky (1991), Sentis (2007) and Mistry et al.

(2008) for more details) link and four serial chains that mimic the four limbs of the human body. It has 1,7 Kg, with
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0,397 m of high and its structure is composed by eighteen actuated joints: three degree of fredom (DoF) for each arm and

six DoF for each leg.

A 3D CAD model of an humanoid structure is depicted in Fig. 2. In the same figure, the waist of the humanoid chain

is identified as its FB which is free to move through space. The waist is the local reference on the humanoid kinematic

chain, that is, the position of the arms and the legs are given with respect to it.

The mass and length of the links of the humanoid structure are given in the Tab. 1. The position of the shoulders and

the thigh, with respect to the waist, are given in Tab. 2. For the sake of simplicity, the position of the center of mass of the

links is right in the middle of each associated link. However, the position of the center of mass of the trunk, with respect

to the waist, is given by the position vector pw
TCM

=
[
−0,014563 0 0,086397

]T
.

Table 1: Mass and length of the components of the HR.

Components Mass (Kg) Length (m)

Torso 0,6748 −
Upper-arm 0,06664 0,06931

Forearm 0,06215 0,05178

Thigh 0,15586 0,0773829

Calf 0,19589 0,0780929

Foot 0,03206 0,030779

Table 2: Position of the shoulders and the thighs with respect to the waist.

Components Vectors (m)

Right shoulder
[
0 −0,064646 0,121451

]T

Left shoulder
[
0 0,064646 0,121451

]T

Right thigh
[
0 −0,042165 0

]T

Left thigh
[
0 0,042165 0

]T

3.2 Modeling of The Bioloid Robot Using Screw Theory

Figure 3: Kinematic chain that represents one leg: (a) identification of the screw

parameters; (b) three reference frames allocated in the leg.

In this section, the kinematic modeling of

the Bioloid robot by the ST and its tools will

be presented. Because of the bilateral symme-

try of the HR structure and because it is a sys-

tematic method, just the modeling of one leg

will be addressed here. For modeling of the

three others limbs, ones just have to repeat the

procedure with the parameters of each limb.

3.2.1 Screw-based Modeling of One Leg

The topology of a kinematic chain that

represents an humanoid leg can be of different

types, depending on the kind of movements

that is expected from the chain. In the case of

this paper, the chain of the considered leg has

six actuated joint and three links. The distri-

bution of the joints on the kinematic chain and

its links can be seen in Fig. 3.

Once the screw parameters are identified

in Fig. 3a, the screw of each joint can be determined like Eq. (4):

$Li
= $̂Li

q̇Li
, (12)

in which Li is the joint i of the leg and q̇Li
is the magnitude of the angular velocity of the joint i. All the screws of the leg

can be determined using the data in Tab. 1 and Tab. 3.
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Equation (5) is the Jacobian matrix of a kinematic chain representing one leg, illustrated by Fig. 3, is

JL =
[
$̂L1

$̂L2
$̂L3

$̂L4
$̂L5

$̂L6

]
.

As JL is a square matrix, it can be inverted to compute the inverse differential kinematic of this chain.

Direct Kinematics of One Leg

The position and orientation of the end-effector of a serial kinematic chain can be determined using Eq. (3). In Fig. 3b,

the thigh, calf and foot links are labeled as LL1, LL2 and LL3, respectively. The base frame (frame 0) is allocated in the

intersection point between the screw axis of the joints q1, q2 and q3. The end-effector frame, called here as f oot frame, is

allocated in a point collinear to the link LL3 on the sole of the foot.

Table 3: Screw parameters of the leg shown in Fig. 3a.

Joint s s0 Magnitude

1
[
0 0 1

]T [
s0L1x

s0L1y
s0L1z

]T
q̇L1

2
[
1 0 0

]T [
s0L2x

s0L2y
s0L2z

]T
q̇L2

3
[
0 1 0

]T [
s0L3x

s0L3y
s0L3z

]T
q̇L3

4
[
0 1 0

]T [
s0L4x

s0L3y
s0L4z

]T
q̇L4

5
[
0 1 0

]T [
s0L5x

s0L5y
s0L5z

]T
q̇L5

6
[
1 0 0

]T [
s0L6x

s0L6y
s0L6z

]T
q̇L6

It is necessary to allocate another reference frame that will be used to determine the matrix Āc
r and Ār

k of Eq. (3).

Allocating the reference frame (called re f ) in the middle of link LL2 (Fig. 3b), the vectors s0Li
are determined with the

new reference as:

s0L1
= s0L2

= s0L3
=




0

0

LL1 +
LL2
2


 , s0L4

=




0

0
LL2

2


 and s0L5

= s0L6
=




0

0

− LL2
2


 . (13)

The Ā0
ref = Āc

r and Āref
foot = Ār

k are, respectively, the position and orientation of the frame re f with respect to the base

frame and the position and orientation of the frame f oot with respect to the frame re f :

Ā0
ref =




1 0 0 0

0 1 0 0

0 0 1 −
(

LL1 +
LL2
2

)

0 0 0 1


 ; Āref

foot =




1 0 0 0

0 1 0 0

0 0 1 −
(

LL2
2 +LL3

)

0 0 0 1


 . (14)

The matrices Aref
qLi

are the matrices formed by the screw of each joint of the leg in respect to the frame re f (Fig. 3) using

Rodrigues’s formula as in Tsai (1999).

3.2.2 Differential Kinematics of the Whole Humanoid Body

On the earlier sections, it was demonstrated, separately, how the ST can be used to model the kinematics of a chain

that represents an humanoid leg. After modeling the three others limbs, it is necessary to represent all four chains at the

same reference frame on the humanoid structure to have a full-body kinematic model of an HR.

The waist is the local reference frame in the humanoid structure from which part the chains of the limbs. Therefore, a

transformation must be done to represent the leg and the arm (earlier modeled in the fixed base frame) chains with respect

to the waist of the humanoid. The transformation needed is made by the Eq. (6) as illustrated by the Fig. 4.

The matrix Tw
RL "transforms" a generic leg (Fig. 3) to the right leg of the humanoid and it is composed by the skew-

symmetric matrix p̂w
RL and the rotation matrix Rw

RL (Eq. (6)). The same can be done about the arm, that is, the matrix

Tw
RS would "transform" a generic arm to the right arm of the robot; and it would be composed by the skew-symmetric

matrix p̂w
RS and the rotation matrix Rw

RS. Because of the bilateral symmetry of the human body, the determination of the

left leg and left arm chains is done in a similar way as done to the right ones. That is, the transformation Tw
LL would make

a generic leg (Fig. 3) be the left leg and, likewise, the transformation Tw
LS would make a generic arm be the left arm.

The matrices Rw
RL, Rw

RS, Rw
LL and Rw

LS are 3× 3 identity matrices since there is no change between the orientations

of the frames (Fig. 4). However, the vectors pw
RL, pw

RS, pw
LL and pw

RS that compose the skew-symmetric matrices are

determined by the data in Tab. 2 (see Tsai (1999) for more details).
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By placing the four limbs with respect to the humanoid waist in the robot structure, the whole HR body is formed as

can been seen in Fig. 2. It is composed by a FB allocated in its waist (that is, an 3P3R virtual kinematic chain attached

between the considered inertial reference frame and the waist frame) and four serial kinematic chains that work together

to perform a task, for example, making a gait or manipulating an object.

Using DH parameters, it would be necessary to have two kinematic representations to the same kinematic chain,

depending on which foot is supporting the robot. Moreover, to solve its differential kinematics, there would be five

Jacobian matrices to be considered: the first between the inertial reference frame, and the humanoid’s waist and, the other

four, for each limb, are with respect to the waist of the robot. Thus, to planning motion to the HR, it is necessary to

consider the motion planning of the hands and the legs with respect to the waist.

Figure 4: Frame reference transformation: (a) transformation to the right leg; (b) trans-

formation to the right arm.

However, by the use of the virtual

chains, an HR structure can be repre-

sented as a closed mechanism and, then,

apply the Davies’s method, by the ST, to

solve its differential kinematics. Here,

the virtual chains are used to impose

motion to the "real" kinematic chains

of the biped. And, by that, the motion

planning can be done in the inertial ref-

erence frame as planning motion to five

collaborative robots.

As the motion is spatial, five 3P3R

virtual chains are used: one to be the

FB attached to the robot’s waist, and the

four others are linked, each one, on the

feet and on the hands. The resulting

mechanism is a complex spatial parallel

mechanism with four loops composed

by fifty four joints and fifty one links,

as it can be seen in the graph notation

(Tsai, 2001; Campos et al., 2005) illustrated by Fig. 5.

In Fig. 5, the arrows are the joints named as: $vtorsoi is the virtual joint i of the torso; $vji is the joint i of the virtual

chain attached to the "real" chain j ( j ∈ {rl ll ra la} for right leg, left leg, right arm and left arm, respectively); and

$ji is the joint i of the "real" chain j. Moreover, the vertices are the links of the mechanism and they are designated as:

V LTi is the virtual link i of the virtual chain attached to the waist; VL ji is the virtual link i of the virtual chain j; ji is the

link i of the "real" chain j ( j ∈ {RL LL RA LA} for right leg, left leg, right arm and left arm, respectively); Torso,

RF, LF, RHand, LHand and Floor are, respectively, the links of the waist, right foot, left foot, right "hand", left "hand",

and the ground (where the biped walks on).

Now, with the HR represented as a closed mechanism composed by four loops, it is possible to apply the Davies’s

method to solve the differential kinematics for the whole body at once. First, the network matrix N has to be assembled

with the normalized screws. As the mechanism has fifty four joints and four loops, therefore, the matrix N has dimension

24× 54, and the magnitude vector has dimension 24× 1.

Calculating the mobility of the parallel mechanism illustrated in Fig 5, the result is thirty: twenty four real joints plus

the six DoF of the FB. That is, the mobility of the humanoid structure was not changed by the inclusion of the virtual

chains, therefore, the Kirchhoff-Davies law can by applied without any problem or consideration.

As the method states, it is necessary to identify and to distinguish the primary and the secondary joint variables in the

magnitude vector. As this work uses the virtual chains to impose motion to the "real" chain, then, the joints of the virtual

chains were chosen to be the primary velocities. That means,

q̇ =
[
q̇T

s q̇T
p

]T
, (15)

in which q̇s is formed by the first twenty four lines of the vector q̇ ("real" joint velocities) and q̇p is assembled by the last

thirty lines (virtual joint velocities). Choosing Np and Ns coherently with q̇s and q̇p, respectively, the Davies’s method

can be applied as it states in Eq. (9), and differential kinematics of the whole body is solved.

4. TRAJECTORY GENERATION

Biped anthropomorphic robots are composed by three or more serial kinematic chains that are detached from an inertial

reference frame and its configuration varies in time. Therefore, it is not only necessary that the biped motion ensures the

structural stability of the robot, but also it has to guarantee that the robot will not fall down on the ground during its

motion.
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The generation of the trajectory is made using the geometric constraint method in a similar way as done in (Huang

et al., 2001; Wang et al., 2009), because, besides being intuitive, to apply this method, it is not necessary to use the

switching models by using FB, the ST and its tool.
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Figure 5: Graph representation of the parallel mechanism composed by the humanoid and

virtual chains with the designation of the number of circuits and its directions.

Firstly, it is needed to choose

points on the humanoid structure for

which the trajectory will be gener-

ated. As it was said before and be-

cause of the use of the virtual chains,

these points are the ones in which

were attached the virtual chains on

the humanoid: its waist, feet and

hands. Then, for each point of inter-

est, one trajectory is elaborated us-

ing third order spline interpolation

(Huang et al., 2001). As global pa-

rameters: the number of steps k; Tc

is its period in seconds; and j is a

counter. The notation used here is:

Ki j in which K ∈ {X Y Z} in-

dicates the axis of the motion; i ∈
{R L} for right and left; and j ∈
{F A} for foot and arm.

4.1 Trajectory Generation for the

Arms

During a gait, the arms have a

passive role - they are not used to

manipulate objects or tools and they do not rely on any point in space - because they are used to assist on structural

balance of the biped mechanism. Thus, their trajectory was generated considering only the swing motion as in a hu-

manoid gait.

Considering the maximum displacement Xmax = 0,03 m and the minimum Xmin = 0 both with respect to the X axis,

considering also the maximum displacement Zmax = 0,0187 m and the minimum Zmin = 0 both with respect to the Z axis,

and g (g ∈ { −1, 1 }), the trajectories of the arms with respect to the X and Z axis are determined by the equations

Eq. (16), Eq. (17), and Eq. (18).

XRA (t) =





gXmax, jTc ≤ t < ( j+0,1)Tc

gXmin, t = ( j+0,5)Tc

−gXmax, ( j+0.89)Tc < t ≤ ( j+1)Tc

(16) XLA (t) =





−gXmax, jTc ≤ t < ( j+0.1)Tc

gXmin, t = ( j+0,5)Tc

gXmax, ( j+0.89)Tc < t ≤ ( j+1)Tc

(17)

ZA (t) =





Zmax, jTc ≤ t < ( j+0,1)Tc

Zmin, t = ( j+0,5)Tc

Zmax, ( j+0.89)Tc < t ≤ ( j+1)Tc

, (18)

4.2 Trajectory Generation for the Foot

In the initial position of the HR, the left foot is forward of the right one by a distance of Stepini = 0,1 m. The step

length is Step = 0,2 m and its maximum high during one step is Zmax = 0,03 m (Zmin = 0). In the gait planning, it was

considered that the robot remains on the double support phase (when the biped is supported by both feet) to reallocate the

ground projection of the center of mass (GCoM) from the previous support to under the next support foot.

As the feet are composed by just one piece, then, it is not necessary to change the orientation of the feet during the gait.

That is, in a human gait, as the foot has one DoF, it gets off the ground in two movements: the first one boosts forward the

body in the direction of the gait, and the second finishes the double support phase. As the humanoid illustrated by Fig. 2

has one piece foot, thus, the feet get off the ground in just one movement. The trajectories of the feet with respect to the
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X and Z axis are determined by the equations Eq. (19), Eq. (20), Eq. (21), and Eq. (22). Graphically, the trajectories of

the feet with respect to de X and Z axis can be seen in Fig. 6 and Fig. 7.
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Figure 6: Trajectories of the feet with respect to the X axis.
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Figure 7: Trajectories of the feet with respect to the Z axis.

XRF (t) =





jStep, 0 ≤ t < ( j+0.1)Tc

( j+0,5)Step, t = ( j+0,5)Tc

( j+1)Step, ( j+0,89)Tc ≤ t < ( j+2)Tc

(19)

XLF (t) =





Stepini + jStep, 0 ≤ t < ( j+1)Tc

Stepini +( j−1)Step, ( j+1)Tc ≤ t < ( j+1,01)Tc

Stepini +( j−0,5)Step, t = ( j+1,5)Tc

Stepini + jStep, ( j+1,89)Tc ≤ t < ( j+2)Tc

(20)

ZRF (t) =





Zmin, 0 ≤ t < ( j+0,1)Tc

0,1Zmax, t = ( j+0,1)Tc +0,03

0,3Zmax, t = ( j+0,1)Tc +0,08

Zmax, t = ( j+0,5)Tc

0,3Zmax, t = ( j+0,89)Tc −0,08

0,1Zmax, t = ( j+0,89)Tc −0,03

Zmin, ( j+0,89)Tc ≤ t < ( j+2)Tc

(21) ZLF (t) =





Zmin, 0 ≤ t ≤ ( j+1,1)Tc

0,1Zmax, t = ( j+1,1)Tc +0.03

0,3Zmax, t = ( j+1,1)Tc +0.08

Zmax, t = ( j+1,5)Tc

0,3Zmax, t = ( j+1,89)Tc −0.08

0,1Zmax, t = ( j+1,89)Tc −0.03

Zmin, ( j+1,89)Tc ≤ t < ( j+2)Tc

(22)

4.3 Trajectory Generation for the Hip/Waist

For the generate of the trajectory of the waist, firstly the trajectory in the Z axis would be done "arbitrarily" because

the movement with respect to Z axis of the center of mass does not affect expressively the location of the ZMP (Huang

et al., 2001). However, the position of the waist with respect to the Z axis remains the same for all motions as it was done

in the 3D-LIP approach (Kajita et al., 2001).

Given the proximity of the center of mass and the waist, these two points will be treated as equals. Therefore, the

trajectory generation to the waist with respect to the X and Y axis, respectively, are generated in a way that the motion of

the center of mass ensures a balanced gait by the ZMP criterion (Kajita et al., 2003). That is, as it is considered a quasi-

static motion, if the GCoM always remains inside of the support polygon, the humanoid will not fall down. Moreover, the

proximity between the GCoM and the ZMP ensures a balanced gait.

Thus, considering the initial position of the hip with respect to the X axis as XHIPini
= 0,05 m, the variation of the

displacement with respect to the X axis as ∆XHIP = 0,025 m, that in t = 0 XHIP (0) = XHIPini
and assuming XHIP (ti) ≡

XHIP (i), the trajectory of the hip/waist with respect to the X axis is given by:

XHIP (i) =





XHIP (i−1) , t = jTc

XHIP (i−1)+∆XHIP, t = ( j+0,1)Tc

XHIP (i−1)+∆XHIP, t = ( j+0,9)Tc

XHIP (i−1)+∆XHIP, t = ( j+1)Tc.

(23)
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Figure 8: Trajectory of the waist with respect to the X axis.
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Figure 9: Trajectory of the waist with respect to the Y axis.

Now, considering three displacements quantities, YHIP1
= 0 m, YHIP2

= 0,027 m and YHIP3
= 0,042 m and that s can

assume two values: −1 if the supporting foot is the right one, and −1 if it is the left one, then, the trajectory of the

hip/waist with respect to the Y axis is given by:

YHIP (t) =





YHIP1
, t = jTc

sYHIP2
, t = ( j+0,1)Tc

sYHIP3
, t = ( j+0,5)Tc

sYHIP2
, t = ( j+0,9)Tc

YHIP1
, t = ( j+1)Tc.

(24)

Graphically, both trajectories can be seen in Fig. 8 and Fig. 9.

5. RESULTS

In the previous section, the trajectory generation used in this work was presented. In Fig. 10, it can be seen the HR

in four different instants, during the execution of the trajectory. Actually, in the same figure, the robot is shown in the

beginning/ending of each gait cycle.

Figure 10: Video frames of the humanoid while walking.
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Figure 11: Difference between the GCoM and ZMP with respect

to the Y axis.

After determining the equations that characterize the trajectories, it was used a third order interpolation spline to

generate smooth curves. Even so, it can be seen in Fig. 13 some discontinuity with respect to the angular displacement of

the joints. That is because the position of the joints are calculated by the inverse kinematic and it was made analytically.

It can be seen in Fig. 11 and Fig. 12 the difference of position between the GCoM and the ZMP. In the same figures,

ones may see that almost all time, the ZMP keeps a distance from the GCoM that ensures the ZMP inside of the supporting

polygon. In Fig. 11 and Fig. 12, it also can be seen that there are spikes that make the ZMP move away from the GCoM.

But given geometry of the feet and the short time in that it occurs, it can be said that, despite of those spikes, the trajectory

generated is balanced by the ZMP criterion and the robot will not fall down.

By the simulation, some discontinuities were found on the joints velocities profiles that would explain the existence of

the spikes seen. Smooth those discontinuities would be one of the ways that one could achieve a reduction of the peaks
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Figure 13: Angular displacement of the joints os the legs.

observed in Fig. 12 and Fig. 11. The trajectory can be improved, that is, to decrease the spikes, by choosing a better initial

and final velocities. The method utilized in this work generates the trajectory with respect of the position in the workspace

of each virtual chain and, then, the velocity is calculated by numerical methods.

6. CONCLUSION

This paper presented in a systematic way how to use the floating base concept, screw theory and its tools to model a

full-body humanoid robot. With the floating base concept, the humanoid robot could be modeled in such a way that it has

only one kinematic model independent of the supporting leg. Moreover, by the use of the virtual chains, it was possible

to represent a humanoid chain as a closed mechanism and, then, apply Davies’s method to solve the inverse differential

kinematics of the whole body at once.

This work also showed that the virtual chains can be used to impose motion to "real" chains. By the use of virtual

chains, the whole trajectory was elaborated in the inertial reference frame. To generate trajectory for humanoid robots us-

ing virtual chains is almost like to generate trajectories for a multi-robot system since the virtual chains can be understood

as five different serial robots working together to perform a gait. This approach allows to use various methods and tools

of the collaborative robotics in humanoid robots.

The gait generator presented in this work used the geometric constraint method because, besides being intuitive, to

apply this method, it is not necessary to use the switching models since the floating base concept, the screw theory and

its tool are used. The generator is composed by some parameters and to generate different kinds of gaits or motion, only

some of this parameters need to be changed.

To validate and to check the feasibility of the gait generated, it was used the ZMP criterion. The generator proposed in

this work is capable to create balanced gait without making the humanoid robot fall down to the ground. Considering the

geometry of the feet and the very short time in which the spikes occur, this work let to conclude that, despite the spikes,

the generated gait is balanced.
For future works, there will be a continuous study in how the tools of the screw theory may contribute to humanoid

robotics field. It would be very interesting and promising to analyze the biped robot including the static and dynamic
models of the humanoid robot also by the screw theory.
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