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Abstract. The remarkable properties of shape memory alloys have increasing the interest in applications in different areas varying 
from biomedical to aerospace hardware. Despite the large number of applications, the modeling of these alloys is not well-
established. The present contribution revisits a constitutive model presented by Savi et al. (2002), which is built up on the classical 
Fremond´s model, in order to contemplate the horizontal enlargement of the stress-stran hysteresis loop. Numerical simulations 
present qualitative agreement with experimental data, showing pseudolastic, one-way and two-way shape memory effects. 
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1. Introduction  
 

Shape Memory Alloys (SMAs) are materials that present, among other characteristics, the capacity of undergoing 
large residual deformations, and then, after a temperature increase, recover its original shape. SMAs are easy to 
manufacture, relatively lightweight, and able of producing high forces or displacements with low power consumption. 
They have also shown great potential as components of active composite materials or in association with another 
composites. 

The mechanism behind SMAs remarkable behavior is related to martensitic phase transformation that the alloy 
undergoes when subjected to stress and/or temperature changes, which may be accomplished by electrically heating the 
SMA (Wayman, 1992). Detailed description of the shape memory effect and other phenomena associated with 
martensitic phase transformations, as well as examples of applications, may be found in different references (van 
Humbeeck, 1999; Duerig et al., 1999; Lagoudas et al., 1999; Shaw & Kyriakides, 1995; Rogers, 1995; Savi et al., 2002). 

The thermomechanical behavior of shape memory alloys may be modeled either by microscopic or macroscopic 
point of view. Constitutive models consider phenomenological aspects of this behavior (Birman, 1997) and, despite the 
large number of applications, the modeling of SMA is not well-established (James, 2000). 

Savi et al. (2002) has presented a constitutive model in order to describe the thermomechanical behavior of SMAs. 
This model is based on Fremond´s theory (Fremond, 1987, 1996) and includes four phases in the formulation: three 
variants of martensite and an austenitic phase. The inclusion of twinned martensite allows the description of a stable 
phase when the specimen is at a lower temperature and free of stress. Furthermore, different material parameters for 
austenitic and martensitic phases and new constraints are concerned. Thermal expansion and plastic strains are also 
included into the formulation. Hardening effect is represented by a combination of kinematic and isotropic behaviors. A 
plastic−phase transformation coupling is incorporated into the model allowing a correct description of the 
thermomechanical behavior of SMAs. Even though results predicted by the cited model present qualitative agreement 
with experiments, some improvements are necessary in order to obtain closer quantitative agreement. The present 
contribution revisits this formulation in order to contemplate the horizontal enlargement of the stress-strain hysteresis 
loop.  

 
2. Constitutive Model 

 
Savi et al. (2002) proposes a constitutive model, which is built up on the contribution of Fremond (1987, 1996). 

Experimental tests related to SMAs shows that stress-strain hysteresis loop is larger in horizontal dimension than in the 
vertical one. This evidence is usually related to a parameter called residual strain, εR, that is defined as the maximum 
value of the recoverable strain. In the original model, the horizontal width of the hysteresis loop is proportional to its 
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vertical size and hence, it is difficult to fit experimental results. This motivates some alteration in the constitutive model 
in order to correct this discrepancy with experimental results, which is here discussed. 

The modeling of SMA behavior is done within the scope of the standard generalized material (Lemaitre & 
Chaboche, 1990). With this assumption, the thermomechanical behavior can be described by the Helmholtz free energy, 
ψ, and the dual of the pseudo-potential of dissipation, . The thermodynamic state is completely defined by a finite 
number of state variables: deformation, ε, temperature, T, the volumetric fractions of martensitic variants, β1 and β2, 
which are associated with detwinned martensites (M+ and M−, respectively) and austenite (A), β3. The fourth phase is 
associated with twinned martensite (M) and its volumetric fraction is β4. Notice that variable β4 could be eliminated 
since 

∗φ

14321 =+++ ββββ . The plastic phenomenon is described with the aid of plastic strain, εp, and the hardening effect 
is represented by a combination of kinematic and isotropic behaviors, described by variables µ and γ, respectively. 
Additive decomposition is assumed and the total strain, ε, may be split into a phase transformation part, ε SMA, usually 
considered on SMA description, and a plastic part, ε p :  . Therefore, the following expression of the 
Helmoholtz free energy is adopted: 

pSMA εεε +=
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where J represents the indicator function of the tetrahedron π of the set (Figure 1),    
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Figure 1 - Tetrahedron of the constraints π. 
 
 
This set also contemplates the constraints where detwinned martensites, M+ and M−, are induced by stress fields. 

The definition of this physical aspect is considered when σ = 0, and =  = 0, where and are the values of 
β1 and β2 , respectively, when the phase transformation begins to take place.  
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The differentiable part of the Helmholtz free energy is then defined by: 
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where α,  LM=LM(T) and LA=LA(T) are material parameters that describe martensitic transformation, EM and EA 
represents the elastic moduli for martesitic and austenitic phases, respectively; ΩM and ΩA represents the thermal 
expansion coefficient for martensitic and austenitic phases, respectively; KM and KA are the plastic moduli for 
martensitic and austenitic phases while HM and HA are the kinematic hardening moduli for martensitic and austenitic 
phases; TM is a temperature below which the martensitic phase starts its formation in the absence of stress while T0 is a 
reference temperature; ρ is the density. Parameter αH is introduced into the formulation in order to define the horizontal 
width of the hysteresis loop. 

State equations can be obtained from the Helmholtz free energy as follows (Lemaitre & Chaboche, 1990): 
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where Bi are thermodynamic forces related to SMA behavior, while X, Y and Z are associated with plastic behavior; σ 
represents the uniaxial stress; i∂  is the sub-differential with respect to βi (Rockafellar, 1970). Lagrange multipliers 
offer a good alternative to represent sub-differentials of the indicator function (Savi & Braga, 1993). Notice that the 
following definitions are considered in the previous equations: 
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The dual of the pseudo-potential of dissipation is similar to the one proposed by Savi et al. (2002), and has the 

following type,  
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where If is the indicator function related to the yield surface defined as follows (Lemaitre & Chaboche, 1990), 

 
 )(),,( YHZXYZXf Y −−+= σ        or       )(),,( γσµσγµσ Kf Y +−−=  (16) 

 
Parameter η is associated with the internal dissipation of the material while ηci and ηck are related to plastic-phase 

transformation coupling. The parameter ηci is associated with isotropic hardening coupling while ηck is associated with 



kinematic hardening coupling. At this point, it is possible to write the following complementary equations (Lemaitre & 
Chaboche, 1990): 
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where λ is the classical plastic multiplier. The irreversible nature of plastic flow is represented by means of the Kuhn-
Tucker conditions. Another constraint must be satisfied when 0)  , , ( =µγσf . It is referred as consistency condition 
and corresponds to the physical requirement that a stress point on the yield surface must persist on it. These conditions 
are presented as follows (Simo & Hughes, 1998): 

 
 0≥λ ; 0)  , , ( ≤µγσf ; 0)  , , ( =µγσλ f  ;  

  if 0)  , , ( =µγσλ f& 0)  , , ( =µγσf   (23) 
 
These equations form a complete set of constitutive equations. Since the pseudo-potential of dissipation is convex, 

positive and vanishes at the origin, the Clausius-Duhen inequality (Eringen, 1967), is automatically satisfied if the 
entropy is defined as Ts ∂−∂= /ψ . 

Moreover, it is important to consider the definition of the parameters LM=LM(T) and LA=LA(T), which is obtained 
assuming  and 01 =β& Rεε =  in a critical temperature, TC, below which the value of residual strain remains constant. 
With this aim, it is necessary to define, 
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Hence, one whishes to limit the displacement of the hysteresis loop with respect to temperature when T < TC. With 

this aim, the term LM(T) is defined in such a way that ( M
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A comparison between this new model and the original one (Savi et al., 2002) shows that this new set of 

constitutive equations promote the horizontal enlargement of the stress-strain hysteresis loop. Phase transformations due 
to thermal loads, free of stress (A → M or M → A), are not altered with the discussed modifications. Therefore, these 
modifications are concerned with pseudoelastic and shape memory effects. 

With respect to numerical procedure, a similar iterative procedure based on the operator split technique (Ortiz et al., 
1983), the orthogonal projection algorithm (Savi & Braga, 1993) and the return mapping algorithm (Simo & Taylor, 
1986; Simo & Hughes, 1998) is employed.  



3. Material Parameters 
 
 
The response predicted by the proposed model is evaluated considering a SMA specimen with typical properties of 

a Ni-Ti alloy (Table 1), subjected to different thermomechanical loadings. Stress-driving or temperature-driving 
simulations are carried out. This section presents a brief discussion of material parameters, showing the influence of the 
proposed modifications in the original model. 

 
 
 

Table 1. Thermomechanical properties. 
 

EA (GPa) EM (GPa) α (MPa) η (MPa/K) 

67 26.30 89.42 0.07 

 

TM (K) TA (K) T0 (K) AΩ  (MPa/K) MΩ  (MPa/K) M
Yσ  (MPa) 

291.40 307.50 298 0.74 0.17 70 

 
iA

Y
,σ  (MPa) fA

Y
,σ  (MPa) KA (GPa) KM (GPa) HA (GPa) HM (GPa) 

690 257.72 1.40 0.40 0.40 0.11 

 
 
 
The yield limit σY has a linear variation with T, evaluated with the following expression: 
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where TF is used to determine the angular coefficient of the linear interpolation. Moreover, one considers %7.6=Rε  
(Brinson, 1993).  

In order to observe the difference between the proposed model and the original one, a pseudoelastic simulation is 
considered. Three different situations are treated. For the original model, αH = 0 and the following parameters are 
calculated (Savi et al., 2002): εR = 0.0033, TC = 282.04 K and L = 9.18 MPa/K. On the other hand, the new model 
considers the introduction of paremeter αH, which may be calculated from the value of the maximum residual strain εR 
(Eq. 24-25). Hence, two different situations are analyzed. At first consider, L = 9.18 MPa (similar to the previous 
example, related to the original model), and therefore, TC = 282.04 K (9.04°C) and 0637.0=Hα . Another situation 
considers L = 212 MPa, and hence, TC = 290.99 K (17.99°C) and 0637.0=Hα . Figure 2 shows three different curves 
related to these situations. Notice the difference on the horizontal width of the hysteresis loop and also the alteration of 
the vertical position as parameter L is modified. 



 
Figure 2 – Stress-strain curve related to pseudoelastic effect for different parameters L. 

 
It should be pointed out that the new model has different characteristics to phase transformation velocity. During 

transformation A → M+, phase transformation is slower as β3 grow. On the other hand, during transformation M+ → A, 
the transformation is faster. In order to control this process of phase transformation it is possible to consider different 
values to the parameter η, which is related to internal dissipation, for loading and unloading process. Therefore,  
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where ηL and ηU are internal dissipation parameters related to load and unload process, respectively.  

 
4. Numerical Simulations 

 
In this section, numerical simulations related to pseudoelastic and shape memory effect are considered in order to 

evaluate the general behavior of the proposed model. Parameters presented in Table 1 and also the modifications 
proposed in the previous section are considered, that is: ηL = 0.07 MPa⋅s and ηU = 0.1225 MPa⋅s. 

At first, pseudoelastic effect is concerned regarding a SMA specimen subjected to an isothermal mechanical 
loading performed at T = 333K (T > TA). The stress-strain curve for stress driving case is presented in Figure 3. When 
the specimen is free of stress, the austenitic phase is stable. After this, positive stresses induce the formation of the M+ 
variant of martensite. The unloading process induces the austenite formation again. When there are negative stresses, 
the M− variant of martensite is induced. Finally, the unloading process induces the formation of the austenitic phase (A). 
Finished the loading-unloading process the specimen presents no residual strain. 

   
Figure 3 – Pseudoelastic effect. 

 
At this point, it is considered that the load process reaches the plastic region of the material. Assuming, 

02.0== ckci ηη , the stress-strain curve is shown in Figure 4. As expected, the plastification process introduces residual 
strain that cannot be eliminated by the reverse phase transformation.  



 
 

Figure 4 – Pseudoelastic effect with plastic strains. 
 
Shape memory effect is now focused regarding a thermomechanical load depicted in Figure 5. Firstly, a constant 

temperature T = 263 K (T < TM) is considered, where the martensitic phase is stable. After mechanical loading-
unloading process, the specimen presents a residual strain that can be eliminated by a subsequent thermal loading 
(Figure 6). The heating process induces the transformation from detwinned martensite, M+, to twinned martensite, M 
and, for higher temperatures, the austenitic phase (A). Notice that the large amount of residual strain is a consequence of 
the enlargement of the horizontal width of the hysteresis loop. 

0 20 40 60

260

270

280

290

300

310

320

80

 

T 
(K

)

t
0 20 40 60 80

0

10

20

30

40

50

60

70

80

 

 

σ 
(M

Pa
)

t  
(a)             (b) 

Figure 5 – Thermomechanical load process. (a) Stress, (b) Temperature. 

 
 

Figure 6 – Shape memory effect. 
 
Considering a loading-unloading process similar to the previous simulation that reaches the plastic region of the 

material, and assuming, 02.0== ckci ηη , the stress-strain curve is shown in Figure 7. The horizontal line represents the 
material yield limit for 263 K. As expected, the plastification process introduces residual strain that cannot be 
eliminated by the reverse phase transformation, promoted by the thermal load. 

 



  
Figure 7 – Shape memory effect with plastic strains. 

 
Two-way shape memory effect is now considered (Bo & Lagoudas, 1999; Zhang et al., 1991). With this aim, one 

simulates a stress-induced martensite training (SIM training), represented in Figure 8. Initially, five cycles of an 
isothermal mechanical process (T = 333 K), with increasing maximum values, is considered. Each cycle causes plastic 
strains. Finishing this mechanical process, thermal load is applied with a constant value of mechanical load (σ  = 50 
MPa).   

 

 
Figure 8 – Thermomechanical load process associated with two-way shape memory effect  (SIM training). 

 
 Plasticity and phase transformation are coupled by the parameter 05.0== ckci ηη . Figure 9 shows the stress-

strain curve during SIM training. Notice the growth of plastic strains during each load cycle. Finished this process, 
SMA presents phase transformation A → M+ during cooling and M+ → A during heating. This behavior is related to the 
two-way shape memory effect that allows one to associate each phase to a different form. Figure 10 shows a strain-
temperature curve, representing this effect. 

  
Figure 9 – Two-way shape memory effect (SIM training). 

 



 
Figure 10 – Two-way shape memory effect. 

 
5. Conclusions 

 
This contribution concerns with the modeling and simulation of shape memory alloys. A constitutive model 

proposed by Savi et al. (2002) that is built up on the contribution of Fremond (1987, 1996), is analyzed in order to 
improve predicted results to be closer to experimental data. This model includes four phases into the formulation, and 
different material parameters for austenitic and martensitic phases. Thermal expansion and plastic strains are also 
included into the formulation. Hardening effect is represented by a combination of kinematic and isotropic behaviors 
and a plastic - phase transformation coupling is considered. The present contribution alters the original model in order 
to contemplate the horizontal enlargement of the hysteresis loop. Numerical results show that the proposed model is 
capable to capture the general behavior of experimental data. Pseudoelastic, one-way and two-way effects have proper 
description with the presented model. Nevertheless, there are features that still needed to be contemplated in the 
proposed model. The elimination of the softening behavior for strain driving case and the correct description of internal 
loops observed during cyclic loads associated with incomplete phase transformations are some examples. 
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